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序：素粒子論と自発的対称性の破れ

自発的対称性の破れ：物理系の持つ対称性を系の基底状態（真空）が破るという現象

高温（バラバラ） 低温（揃う）

低温ではスピンが磁場を掛けた方向に揃うが、磁場をゼロにしても揃ったまま。

例：自発磁化（磁石）

空間の回転対称性を破った状態が基底状態：自発的対称性の破れ

素粒子論への適用：南部・ゴールドストーンの定理 Nambu-Jona-Lasinio 1961, Goldstone 1961

「連続的な対称性が自発的に破れると、ゼロ質量の粒子が現れる」

最近の一般化は日高氏の講演



Π中間子の特殊性

π中間子は強い相互作用をする他のハドロンに比べて何故そんなに軽いのか？

m� � 140MeV m� � 770MeV mN � 930MeV

q
q

q
q q̄ q̄
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クォーク模型だと、クォークの質量は約300MeV?

π中間子はカイラル対称性の自発的破れに伴う南部・ゴールドストーン(NG)粒子であ
る。その質量がゼロで無いのは、クォークの質量によりカイラル対称性が部分的に破
れているため

南部の提案



カイラル対称性の自発的破れ

カイラル対称性：ゼロ質量のスピン1/2のフェルミ粒子が持つ対称性

進行方向に対して右巻きにスピンしているか、左巻きにスピンしているかを区別

質量があると「進行方向」は、座標系によるので、右巻き／左巻きは区別出来ず、
したがってカイラル対称性は壊れる

現代の理解：QCDの非摂動効果で、クォークの持つカイラル対称性が自発的に破れ、π
中間子がNG粒子として現れる。クォークがわずかに質量を持つため、カイラル対称性が
わずかに壊れ、そのため、π中間子は小さな質量を持つ。

m2
� � AmqPCAC関係式

上記のシナリオをQCDの計算で示せるか？　これが本講演のテーマ



1.序：素粒子論と自発的対称性の破れ 

2.格子QCDとカイラル対称性 

3.格子QCDによるカイラル対称性の自発的破れの検証 

4.U(1)問題と軸性U(1)アノマリー 

5.最後に

講演内容



2.格子QCDとカイラル対称性 



QCD（量子色力学）

QCD：クォークの従う基本法則 cf. QED（量子電磁力学）

L = q̄(x)�µ{�µ + igAµ(x)}q(x) +
1
4
{F a

µ�(x)}2

クォークグルーオン

g

クォーク

クォーク

グルーオン

F a
µ� = �µAa

� � ��Aµ � gfabcAb
µAc

�

g g2
グルーオン自己相互作用

漸近的自由性

クォークの閉じ込め

近距離では結合定数が小さくなり、クォークは自由粒子のように振る舞う

遠距離では結合定数が大きくなる。

単独のクォークは観測不可能

クォーク

グルーオン



格子QCD

格子QCD：QCDを離散的な格子時空間上に定義

x + µ̂q̄(x)

a

q(x + µ̂)x
Uµ(x)

クォーク

グルーオン

�O(Uµ, q, q̄)� =
1
Z

�
DUµDqDq̄O(Uµ, q, q̄)e�SF�SG

ゲージ不変性を保った量子化、非摂動的計算が可能

�O(q, q̄, U)� =
�
D qDq̄DU exp[q̄ D(U) q + SG(U)]O(q, q̄, U)

=
�
DU det D(U)eSG(U)Ô(U)

クォークを積分

� P (U)確率分布

確率分布P(U)に従って数値的
に配位Uを生成

モンテカルロ法により、格子QCDのいろいろ過程が計算可能



カイラル対称性の破れの検証の困難

カイラル対称性の秩序変数 �q̄(x)q(x)�

格子QCDでこの秩序変数を計算し、ゼロで無いことを示したいが、困難あり

m->０の計算は、数値計算のコストが膨大 

そもそも格子上でカイラル対称性を定義するのが困難（ダブラー問題）

連続（微分） 格子（対称差分）

余計なゼロ点（ダブラー自由度）

ダブラーが出ない カイラル対称性が保てない
ニールセン・二宮の定理(1981)

ダブラーの存在は、カイラルアノマリーと関係

例：ウィルソン・フェルミオン

D(p) = i�µ sin(pµ)D(p) = i�µpµ



格子”カイラル”対称性

q̄Dq格子デイラック演算子 �q = i�5q, �q̄ = q̄i�5カイラル変換

D�5 + �5D = 0

カイラル対称（連続） ギンスパーグ・ウィルソン(GW)関係式（格子）

D�5 + �5D = aRD�5D

�5D
�1(x, y) + D�1(x, y)�5 = aR�5�x,y格子上のカイラル+O(a)変換

�q = i�5(1 � aRD)q, �q̄ = q̄i�5

�(q̄aDq) = iq̄[D�5 + �5D � aRD�5D]q = 0

ダブラー

!

1/Ra
2/Ra

0

!1/Ra

1/Ra

x

y

Define Γ5 = γ5(1 − a

2
D)

Γ5γ5D + γ5DΓ5 = D − 1

2
aγ5Dγ5D + γ5Dγ5 −

1

2
aγ5Dγ5D = 0 GW relation

Set H = γ5D = H† (hermite)

Hφn = λnφn, (φn, φn) = 1, H(Γ5φn) = −λn(Γ5φn)

pair (λn,−λn) for λn ̸= 0 unless

(Γ5φn,Γ5φn) = 0. ⇒ (φn, (γ5 −
a

2
H)(γ5 −

a

2
H)φn) = (φn, (1 −

a

4
H2)φn) = (1 − a

2
λn)(1 +

a

2
λn) = 0

Therefore λn = ±2

a
is exceptional. In this case

γ5φn =
a

2
Hφn = ±φn.

63

ディラック演算子の固有値

GW関係式を満たすOverlap quarkを使えば、
ダブラー問題は解決

ただし、計算コストは増大

不変！

1982

Lueshcer, 1998

Neuberger, 1998



3.格子QCDによる 
カイラル対称性の自発的破れの検証 



ハドロンの質量

クォーク質量の寄与

核子の質量

カイラル対称性の自発的破れの寄与

∝ヒッグスの真空期待値（これもゲージ対称性の自発的破れ）

実際は、Cの寄与がほとんど。

物質の質量はそのほとんどがカイラル対称性の破れから

例外：π中間子 m2
� = Bmq

mN = Bmq + C

Bはカイラル対称性の破れの寄与も含む



カイラル凝縮の格子計算の困難

カイラル凝縮：カイラル対称性の秩序変数 � � �q̄q�
格子計算の難しさ

Overlap quarkなら無い ゼロ質量なら消える

（交換しない）極限操作

�(m) � 1
a3

c0 +
m

a2
c1 + · · ·

� = lim
m�0

lim
V��

�(m)

パワー発散の除去

（スケールに依存した）乗法的繰り込み　 �R(µ) =
�

ZS(µ)



カイラル凝縮の格子計算１

カイラル摂動論の式を仮定して、π中間子の質量や崩壊定数からカイラル凝縮を計算

クォーク質量依存性が分かれば、外挿によりカイラル凝縮などが求まる。

注：カイラル対称性を壊す格子フェルミオンを用いた計算では、カイラル摂動論は変更を
受ける。したがって、計算した量がカイラル対称性の秩序変数である保証は無い。格子間
隔aをゼロにする連続極限では、秩序変数に一致することを期待。

mに比例する発散の問題を回避。

m2
� =

2�m

f2
+ O(m2)

f� = f + O(m) �0|d̄�µ�5u|�+(p)� = ipµf�+



計算例：overlap quarkを使った計算 JLQCD/TWQCD Collaborations, Noaki et al.,  PRL101(2008)202004.
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calculated with a point source and a smeared source; the
pion mass mπ and decay constant fπ are obtained from
a simultaneous fit of them.

The pion decay constant fπ is defined through
⟨0|Aµ|π(p)⟩ = ifπpµ, where Aµ is the (continuum) iso-
triplet axial-vector current. Instead of Aµ, we calcu-
late the matrix element of pseudo-scalar density P lat on
the lattice using the PCAC relation ∂µAµ = 2mlat

q P lat

with mlat
q the bare quark mass. Since the combination

mlat
q P lat is not renormalized, no renormalization factor

is needed in the calculation of fπ. This is possible only
when the chiral symmetry is exact. The renormaliza-
tion factor for the quark mass mq = ZMS

m (2 GeV)mlat
q

is calculated non-perturbatively through the RI/MOM
scheme, with which the renormalization condition is ap-
plied at some off-shell momentum for propagators and
vertex functions. Such a non-perturbative calculation
suffers from the non-trivial quark mass dependence of
the chiral condensate. By using the calculated low-modes
explicitly, we are able to control the mass dependence to

determine ZRI/MOM
m more reliably. In the chiral limit, we

obtain ZMS
m (2 GeV) = 0.838(14)(03), where the second

error arises from a subtraction of power divergence from
the chiral condensate. The details of this calculation will
be given elsewhere.

Since our numerical simulation is done on a finite vol-
ume lattice with mπLs ≃ 2.9 for the lightest sea quark,
the finite volume effect could be significant. We make a
correction for the finite volume effect using the estimate
within ChPT calculated up to O(m4

π/(4πfπ)4) [8]. The
size of the corrections for m2

π and fπ is about 5% for
the lightest pion mass and exponentially suppressed for
heavier data points. In addition, there is a correction due
to fixing the global topological charge in our simulation
[7, 9]. This leads to a finite volume effect of O(1/V ) with
V the physical space-time volume. The correction is cal-
culable within ChPT [10, 11] depending on the value of
topological susceptibility χt, which we calculated in [12].
At NLO, the correction for m2

π is similar in magnitude
but opposite in sign to the ordinary finite volume effect
at the lightest pion mass, and thus almost cancels. For fπ

the finite volume effect due to the fixed topology starts
at NLO and therefore is a subdominant effect. Note that
the LECs appear in the calculation of these correction
factors. We use their phenomenological values at the
scale of physical (charged) pion mass mπ+ = 139.6 MeV:
l̄phys
1 = −0.4 ± 0.6, l̄phys

2 = 4.3 ± 0.1, l̄phys
4 = 4.4 ± 0.2,

determined at the NNLO [2] and l̄phys
3 = 2.9 ± 2.4. The

errors in these values are reflected in the following anal-
ysis assuming a gaussian distribution.

After applying the finite volume corrections, we first
analyze the numerical data for m2

π/mq and fπ using the
ChPT formulae at NLO,

m2
π/mq = 2B(1 + 1

2x lnx) + c3x, (1)

fπ = f(1 − x lnx) + c4x, (2)

where f is the pion decay constant in the chiral limit and
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FIG. 1: Comparison of the chiral fits including the NLO
terms for m2

π/mq (top) and fπ (bottom). Fit curves to three
lightest data points obtained with different choices of the ex-
pansion parameter (x, x̂, and ξ) are shown as a function of
m2

π.

B is related to the chiral condensate. Here the expansion
is made in terms of x ≡ 4Bmq/(4πf)2. The parameters

c3 and c4 are related to the LECs l̄phys
3 and l̄phys

4 , re-
spectively. At NLO, i.e. O(x), these expressions are
unchanged when one replaces the expansion parameter
x by x̂ ≡ 2m2

π/(4πf)2 or ξ ≡ 2m2
π/(4πfπ)2, where mπ

and fπ denote those at a finite quark mass. Therefore,
in a small enough pion mass region the three expansion
parameters should describe the lattice data equally well.

Three fit curves (x-fit, x̂-fit, and ξ-fit) for the three
lightest pion mass points (mπ ! 450 MeV) are shown in
Figure 1 as a function of m2

π. From the plot we observe
that the different expansion parameters seem to describe
the three lightest points equally well; the values of χ2/dof
are 0.30, 0.33 and 0.66 for x-, x̂- and ξ-fits. In each fit,
the correlation between m2

π/mq and fπ for common sea
quark mass is taken into account. Between the x- and
x̂-fit, all of the resulting fit parameters are consistent.
Among them, B and f , the LECs at the leading order
ChPT, are also consistent with the ξ-fit. This indicates
that the NLO formulae successfully describes the data.

The agreement among the different expansion prescrip-
tions is lost (with the deviation greater than 3σ) when
we extend the fit range to include the next lightest data
point at mπ ≃ 520 MeV. We, therefore, conclude that
for these quantities the NLO ChPT may be safely ap-
plied only below ≈ 450 MeV.

Another important observation from Figure 1 is that
only the ξ-fit reasonably describes the data beyond the
fitted region. With the x- and x̂-fits the curvature due
to the chiral logarithm is too strong to accommodate the
heavier data points. In fact, values of the LECs with the

カイラルlog

π中間子はNG粒子である！

f� = f
�
1� mq

8�2
log mq + dmq

�

m2
�

mq
= 2

�
f2

�
1 +

mq

16�2
log mq + cmq

�
3次発散は無い。

カイラル摂動論の検証！

Nf = 2



外挿によりmに比例する２次の発散は除去。

ゼロでないmの計算を充分大きな体積でやれば、体積無限大の外挿に相当。

� = lim
m�0

lim
V��

�(m)

ゼロでないmの計算を充分大きな体積でやれば、体積無限大の外挿に相当。 3

x- and x̂-fits are more sensitive to the fit range than the ξ-
fit. This is because f , which is significantly smaller than
fπ of our data, enters in the definition of the expansion
parameter. Qualitatively, by replacing mq and f by m2

π
and fπ the higher loop effects in ChPT are effectively
resummed and the convergence of the chiral expansion is
improved.

We then extend the analysis to include the NNLO
terms. Since we found that only the ξ-fit reasonably de-
scribes the data beyond mπ ≃ 450 MeV, we perform the
NNLO analysis using the ξ-expansion in the following.
With other expansion parameters, the NNLO fits includ-
ing heavier mass points are unstable. At the NNLO, the
formulae in the ξ-expansion are [2]

m2
π/mq = 2B

!

1 + 1
2
ξ ln ξ + 7

8
(ξ ln ξ)2

+
"

c4

f − 1
3 (l̃ phys + 16)

#

ξ2 ln ξ
$

+ c3 ξ(1 − 9
2
ξ ln ξ) + α ξ2, (3)

fπ = f
!

1 − ξ ln ξ + 5
4 (ξ ln ξ)2 + 1

6 (l̃ phys + 53
2 )ξ2 ln ξ

$

+ c4 ξ(1 − 5ξ ln ξ) + β ξ2. (4)

In the terms of ξ2 ln ξ, the LECs at NLO appear: l̃phys ≡
7 l̄ phys

1 +8 l̄ phys
2 −15 ln(2

√
2πfphys

π /mπ+)2, where fphys
π =

130.7 MeV. We input the phenomenological estimate
l̃phys = −32.0 ± 4.3 to the fit. Since the data are not
precise enough to discriminate between ξ2 ln ξ and ξ2 in
the given region of ξ (0.06∼0.19), fit parameters α and
β partially absorb the uncertainty in l̃phys. In fact, our
final results for the LECs is insensitive to l̃phys.

In Figure 2, we show the NNLO fits using all the data
points (solid curves). In these plots m2

π/mq and fπ are
normalized by their values in the chiral limit. As ex-
pected from the good convergence of the ξ-fit even at
NLO, the NNLO formulae nicely describe the lattice data
in the whole data region. We also draw a truncation at
the NLO level (dashed curves) but using the same fit
parameters. The difference between the NLO truncated
curves and the NLO fit curves to the three lightest data
points (Figure 1) is explained by the presence of the terms
ξ(1− 9

2
ξ ln ξ) and ξ(1−5ξ ln ξ) in (3) and (4), respectively.

Since the factors (1− 9
2
ξ ln ξ) and (1− 5ξ ln ξ) are signif-

icantly larger than 1 in the data region, the resulting fit
parameters c3 and c4 in the NNLO formulae are much
lower than those of the NLO fits. This indicates that
the determination of the NLO LECs is quite sensitive to
whether the NNLO terms are included in the analysis,
while the leading order LECs are stable.

From Figure 2 we can explicitly observe the conver-
gence behavior of the chiral expansion. For instance, at
the kaon mass region mπ ∼ 500 MeV, the NLO term
contributes at a −10% (+28%) level to m2

π/mq (fπ), and
the correction at NNLO is about +3% (+18%). At least,
the expansion is converging (NNLO is smaller than NLO)
for both of these quantities, but quantitatively the con-
vergence behavior depends significantly on the quantity
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FIG. 2: NNLO chiral fits using all the data points for m2
π/mq

(top) and fπ (bottom). Data are normalized by the value in
the chiral limit. Solid curves show the NNLO fit, and the
truncated expansions at NLO are shown by dashed curves.

of interest. For fπ the NNLO contribution is already
substantial at the kaon mass region.

From the ξ-fit, we extract the LECs of ChPT, i.e.

the decay constant in the chiral limit f , chiral conden-
sate Σ = Bf2/2, and the NLO LECs l̄phys

3 = −c3/B +

ln(2
√

2πf/mπ+)2 and l̄phys
4 = c4/f + ln(2

√
2πf/mπ+)2.

For each quantity, a comparison of the results between
the NLO and the NNLO fits is shown in Figure 3. In
each panel, the results with 5 and 6 lightest data points
are plotted for the NNLO fit. The correlated fits give
χ2/dof = 1.94 and 1.40, respectively. For the NLO fits,
we plot results obtained with 4, 5 and 6 points to show
the stability of the fit. The χ2/dof is less than 1.94. The
results for these physical quantities are consistent within
either the NLO or the NNLO fit. On the other hand,
as seen for l̄phys

4 most prominently, there is a significant
disagreement between NLO and NNLO. This is due to
the large NNLO coefficients as already discussed.

We quote our final results from the NNLO fit
with all data points: f = 111.7(3.5)(1.0)(+6.0

−0.0) MeV,

ΣMS(2 GeV) = [235.7(5.0)(2.0)(+12.7
− 0.0) MeV]3, l̄phys

3 =

3.38(40)(24)(+31
− 0), and l̄phys

4 = 4.12(35)(30)(+31
− 0).

From the value at the neutral pion mass mπ0 =
135.0 MeV, we obtain the average up and down
quark mass mud and the pion decay constant as
mMS

ud (2 GeV) = 4.452(81)(38)(+ 0
−227) MeV and fπ =

119.6(3.0)(1.0)(+6.4
−0.0) MeV. In these results, the first error

is statistical, where the error of the renormalization con-
stant is included in quadrature for Σ1/3 and mud. The
second error is systematic due to the truncation of the
higher order corrections, which is estimated by an order
counting with a coefficient of ≈ 5 as appeared at NNLO.
For quantities carrying mass dimensions, the third error

カイラル摂動論の高次項の寄与も評価可能。

乗法的繰り込みは非摂動的（数値的）に

�MS(2 GeV) =[235.7(5.0)(2.0)(+12.7
�0.0 ) MeV]3

f =111.7(3.5)(1.0)(+6.0
�0.0) MeV



カイラル凝縮の格子計算2

Banks-Casher 関係式

ディラック演算子の固有値分布 D�n = i�n�n

カイラル対称性�m(�) =
1
V

��

n

��(� � �n)�m �m(�) = �m(��)

lim
m�0

lim
V��

�m(0) =
�
� 極限の計算は大変！

有限のV, m, λでの固有値分布 �e� = �
�
1� 1

f2
{g(V ) + O(m)}

�

有限体積の補正カイラル摂動論

� = lim
m�0

lim
V��

�e�



計算例：overlap quarkを使った計算

Nf = 2, 2 + 1 JLQCD/TWQCD Collaborations, Fukaya et al.,  PRD83(2011)074501.
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FIG. 1: Nf =2+1 lattice QCD results for the spectral density ρQ(λ) (top panel) and the mode

number NQ(λ) (bottom panel) of the Dirac operator at mud = 0.015, ms = 0.080 and Q = 0.

The lattice data (histogram (top) or solid symbols (bottom)) are compared with the NLO ChPT

formula drawn by solid curves. For comparison, the prediction of the leading-order ϵ expansion

(dotted curves) and that of the NLO formula but with Nf = 2 flavors (dashed) are also shown.
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FIG. 2: Same as Figure 1, but at mud = 0.002 and ms = 0.080.
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小さい固有値の振る舞いは、カイラル摂動論のNLOで良く記述されている

�e�(�, f, V, · · · )



カイラル外挿
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FIG. 9: Chiral extrapolation of Σeff in Nf = 2 QCD. The data point in the ϵ regime (mud =

0.002) is rescaled to absorb the small difference of the lattice spacing. The two-parameter fits with

an input F = 0.0474 [40] for various number of data points included in the fit are drawn together

with the lattice data points (open circles). The chiral limit is that for the 3-point fit.

quark mass and the 3-parameter fits with 4–7 data points. In the table, the range of mud

used in the fit is listed. For the 2-parameter fits, we take two input values of F . The quality

of the fits can be inferred from the value of χ2/d.o.f. also listed in the table.

As far as the heaviest point is discarded in the fits, the resulting value of Σ is insensitive

to the input value of F , and it is consistent with the three-parameter fit as well. On the other

hand, the determination of Lr
6 is unstable, but all the data suggest |Lr

6| < 0.001. We take

Σ = 0.00246(15) and Lr
6 = −0.00009(13) as the central values, which are from the 4-point

fit with the input F = 0.0474. For the final results of this paper, we take the deviation from

the other input value of F , as well as the other fitting ranges, as a systematic error due to

the chiral extrapolation.

For the Nf = 2 + 1 lattice data, the chiral extrapolation is more stable because of the

precise data point in the ϵ regime, which is simply due to higher statistics we accumulated.

Figure 10 clearly shows the logarithmic curvature. Namely, a naive linear extrapolation of

four data points in the p regime (mud = 0.015–0.050) would lead to ∼ 0.0028 in the chiral
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FIG. 10: Same as Figure 9 but for Nf = 2+1 QCD. The fit curve corresponds to that of the

3-parameter fit.

mud fit range
Nf=3 ChPT LECs

χ2/d.o.f.
Σphys F Lr

6

2prm fit

0.002-0.025 0.00186(09) [0.0411] -0.00013(09) 1.0

0.002-0.035 0.00186(09) [0.0411] -0.00014(08) 0.6

0.002-0.050 0.00186(09) [0.0411] -0.00014(07) 0.5

0.002-0.080 0.00185(08) [0.0411] -0.00014(07) 0.4

3prm fit

0.002-0.035 0.00185(10) 0.0433(13) -0.00023(53) 1.3

0.002-0.050 0.00186(09) 0.0406(05) -0.00012(25) 0.7

0.002-0.080 0.00186(08) 0.0413(02) -0.00015(09) 0.5

TABLE IV: Nf = 2 + 1 lattice results for Σ, F and L6 (µsub = 770 MeV) extracted using

the Nf = 3 ChPT formula. The results for 2- and 3-parameter fits are listed. The values with

parenthesis [· · ·] are used as an input for the chiral fit. Σphys denotes the mud = 0 and V = ∞

limit of Σeff with ms = 0.080 fixed.
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Nf = 2 ChPT Nf = 3 ChPT

[Σ]1/3 [Σphys]1/3 [Σ]1/3 F

renormalization +1.4
−1.1 % +1.2

−1.1 % +1.2
−1.1 % –

chiral fit +1.2
−1.8 % +2.2

−0.2 % ±8.7 % ±8.0 %

finite volume ±3.7% +0.3
−1.0%

+0.3
−1.0% ±3.0 %

finite a ±7.0 % ±7.0 % ±7.0 % ±7.0 %

total +8.1
−8.2 % +7.4

−7.2 % ±11 % ±11 %

TABLE VII: Systematic errors for [ΣMS(2 GeV)]1/3 and F . The total errors are obtained by adding

each estimate by quadrature.

suggests a systematic effect of ∼ 7%, which is consistent with the above mismatch. We

therefore add this naive estimate, ±7%, as the systematic error due to finite lattice spacing.

We convert the value of the condensate to the definition in the standard renormaliza-

tion scheme, i.e. the MS scheme. By using the nonperturbative renormalization tech-

nique through the RI/MOM scheme we obtained the Z factor in our previous work [43] as

1/ZS(2GeV) = 0.804(10)(+25
−33) for Nf = 2 and 0.792(10)(+24

−26) for Nf = 2 + 1 and 3, where

the errors are statistical and systematic, respectively2.

Including all the systematic effects above, which are summarized in Table VII, we obtain

the chiral condensate of up and down quarks in their massless limit as

ΣMS(2 GeV) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

[242(05)(20) MeV]3 for Nf = 2 QCD

[234(04)(17) MeV]3 for Nf = 2+1 QCD (at physical ms)

[214(06)(24) MeV]3 for Nf = 3 QCD (at ms = 0)

, (15)

where the errors are again statistical and systematic, respectively. Here, the total systematic

errors are obtained by adding each estimate by quadrature. Note that the result for Nf =

2 + 1 is slightly changed from [18] because a different input for the scale determination is

used. We find a nontrivial ms dependence on the chiral condensate: as the strange quark

mass goes down from ms = ∞ (Nf = 2 QCD) to the chiral limit ms = 0, the value of Σ

decreases.

2 The value for Nf = 2 + 1 is slightly changed from [43] due to the different determination of the lattice

scale, that affects the renormalization group running of the Z factor.
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�MS(2 GeV) =[235.7(5.0)(2.0)(+12.7
�0.0 ) MeV]3前の結果



Banks-Casher関係式の直接計算 Hashimoto et al.,  Lattice2015.overlap quarks

橋本氏の講演(3/22午後、22pAF-4)

Nf = 2 + 1

NLOのカイラル摂動論で良く
記述される。

カイラル外挿

＋非摂動繰り込み

�MS(2 GeV) =[266.5(2.0)(3.9) MeV]3



4.U(1)問題と軸性U(1)アノマリー 



U(1)問題

カイラル対称性

自発的対称性の破れ左巻き 右巻き

L=Rの対称性

NG粒子の数： N2
f ex. Nf = 2 � (550 MeV)�±,�0 (140 MeV)

３つは軽い ４つ目は重い

Nf = 3 �±,0, �, K±,K0,K
0(500 MeV) ��(960 MeV)

8つは軽い 9つ目は軽い

軸性U(1)部分に対応するNG粒子だけが、他のNG粒子より重い。何故か？

（軸性）U(1)問題

U(Nf )L� U(Nf )R
U(Nf )V



軸性U(1)アノマリー

U(1) アノマリー 量子効果を考えると、軸性U(1)に対応するカレントは保存しない

�µAU(1)
µ =

g2

32�2
�µ���Fµ�F�� � q(x)

したがって、量子効果により軸性U(1)対称性は壊れている（対称性でない）

U(1)B� U(1)A� SU(Nf )L� SU(Nf )R U(1)B� SU(Nf )V

出てくるNG粒子の数は N2
f � 1

実は、ダブラーの問題はこのアノマリーの存在と関連

カイラル不変な格子フェルミオン アノマリー無し アノマリーはダ
ブラー間で相殺

アノマリーは存在 カイラル不変でダブラーのない格子フェルミオンは
存在しない



フレーバー１重項中間子の質量

��フレーバー１重項擬スカラー中間子
Flavor-singlet mesons in Nf =2+1 QCD with dynamical overlap quarks T. Kaneko

Figure 1: Connected (left diagram) and disconnected meson correlators (right diagram). We denote the
flavor matrix and the smearing function for the sink meson operator by Fa and φi, and those for the source
operator by Fb and φ j. The Dirac matrix is Γ= γ5 for PS mesons, whereas we average over Γ= γ1,2,3 for
vector mesons. The masses of propagating quarks are denoted by mq(′) .

The connected and disconnected correlators shown in Fig. 1 can be calculated from these meson
fields. The PS meson correlators, for instance, are given by

CP,ab,i j(∆t) =
1
Nt ∑t ∑

q,q′=u,d,s

Nv

∑
k,l=1

(Fa)q′,q(Fb)q,q′O
(l,k)
γ5,φi

(mq; t+∆t)O(k,l)
γ5,φ j

(mq′ ; t), (2.5)

DP,ab,i j(∆t) =
1
Nt ∑t ∑

q′=u,d,s

Nv

∑
l=1

(Fa)q′,q′O
(l,l)
γ5,φi

(mq′ ; t+∆t) ∑
q=u,d,s

Nv

∑
k=1

(Fb)q,qO
(k,k)
γ5,φ j

(mq; t). (2.6)

For simplicity, we often suppress the indices of the smearing functions (i and j) in the following.
In this study, we consider the PS and vector mesons in two different flavor bases: i) light and

strange mesons, Pl,s andVl,s, with their flavor matrices Fl=(1/
√
2)diag[1,1,0] and Fs=diag[0,0,1],

and ii) octet and singlet mesons, P8,0 andV8,0, withU(3) generators T8,0 for the flavor matrices (F8=
T8 and F0=T0). We refer to these bases as the light-strange and octet-singlet bases, respectively.
The full correlator of these mesons including the disconnected contribution is given by

G{P,V},ab,i j(∆t) = C{P,V},ab,i j(∆t)−D{P,V},ab,i j(∆t) (a,b ∈ {l,s} or a,b ∈ {8,0}). (2.7)

We calculate all possible correlators with the following five different choices of the smearing func-
tion (namely i, j=0, ...,4)

φ0(r) = δr,0, φ1(r) ∝ exp[−0.4|r|], φ2(r) ∝ |r|exp[−0.4|r|],
φ3(r) ∝ exp[−1.0|r|], φ4(r) = constant

(2.8)

with the normalization ∑r |φi(r)|2=1. The calculation of all these meson correlators is computa-
tionally cheap, once we prepare the v and w vectors of Eq. (2.2).

Since the quark propagator is decomposed into low- and high-mode contributions, the discon-
nected correlators can be divided into four contributions, i.e. D = DLL +DLH +DHL +DHH . We
calculate these four contributions separately in our measurement.

3. Meson correlators

In Fig. 2, we show an example of the light PS and vector meson correlators. We observe that,
at relatively small ∆t, the disconnected piece DP,ll in the full correlator GP,ll is not large and it is
dominated by the low-mode contribution DLL

P,ll . Therefore, we may safely ignore the high mode
contributions to DP,ll , namely DLH

P,ll , DHL
P,ll and DHH

P,ll , to calculate the full correlator as

GD=LL
P,ab,i j(∆t) = CP,ab,i j(∆t)−DLL

P,ab,i j(∆t). (3.1)

3

非連結グラフの計算が難しい

η , η ′ meson masses Falk Zimmermann

D45.32sc
D-Ensembles
B-Ensembles

A80.24s, A100.24s
A-Ensembles

(r0MPS)
2

r 0
M

η
,η

′
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Figure 1: (a) η (filled symbols) and η ′ (open symbols) masses in units of r0. (b) r0Mη as a function of
(a/r0)2 for the ensemble sets S1 and S2.

for the various ensembles we used as a function of the squared pion mass, everything in units of
r0. The values of the chirally extrapolated rχ0 for each value of β can also be found in Ref. [6].
We present the values for aMη and aMη ′ together with kaon and pion mass values in Table 2 with
statistical errors only for the two ensembles D30.48 and D45.32sc. The results for D30.48 are new
compared to what was shown in Ref. [6]. D45.32sc will be used for the mixed action analysis. All
other results can be found in Ref. [6].

It is clear from the figure that the η meson mass can be extracted with high precision, while
the η ′ meson mass is more noisy.

4.2 Scaling Artifacts and Strange Quark Mass Dependence of Mη

The results displayed in the left panel of Figure 1 have been obtained using the bare values of
aµσ and aµδ as used for the production of the ensembles. Those values, however, did not lead to
the physical values of, e.g., the kaon and D-meson masses [10, 19].

For Mη the statistical uncertainty is sufficiently small to attempt to correct for the mismatch
in the strange quark mass value and to try a scaling test. For this we need to compare Mη at the
three different values of the lattice spacing for fixed values of for instance r0MK, r0MD, r0MPS and
the physical volume. From volume and the charm quark mass value we expect only little influence
given our uncertainties and hence, we are going to disregard these minor effects in the following.

As discussed in Ref. [6], we have to perform an interpolation of Mη in MK. For this purpose,
we treat the masses of the η-meson and the kaon like in chiral perturbation theory as functions
M2 =M2[M2

PS,M2
K] and define the dimensionless derivative

Dη(µℓ,µσ ,µδ ,β ) ≡
!

d(aMη)2

d(aMK)2

"

. (4.1)

7

��

�

Nf = 2 + 1 + 1

ETM Collaboration, Zimmermann et al.,  Lattice2012.

twisted-mass quarks

m� = 551(33)(44) MeV

cf. JLQCD Collaboration, Kaneko et al.,  Lattice2009.

m� = 639(50) MeV

m�� = 840(136) MeV

Nf = 2 + 1 overlap quarks

548 MeV
958 MeV

実験値



アノマリーの存在の検証

�0 � 2�
�0

�

�
m=0では、アノマリーで決まる

��0�� =
��2

em
2
�

4
F2

�0��(m2
�, 0, 0)

ABJ アノマリー

有限mでの値は？ overlap quarks JLQCD Collaboration, Feng et al.,  PRL109(2012)182001.

Nf = 2 + 1
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FIG. 3: F (m2
⇡, 0, 0), gV , gV ⇡� , F⇡ and FS corrected

F (m2
⇡, 0, 0) as a function of m2

⇡ from top to bottom pan-
els. In each panel, data with (L/a,Q) = (16, 0), (24, 0) and
(16, 1) are plotted by the blue, red and green symbols, respec-
tively. The yellow symbols indicate the Particle Data Group
(PDG) [26] or PrimEx [4] experimental values for reference.
The solid (dashed) curves show the result of the fit to the
linear (quadratic) function. The dataset used in the fit is
explained in the text.
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FIG. 4: A comparison of the full contribution to F (m2
⇡, 0, 0)

and the connected-only piece. The upper (lower) panel shows
the result without (with) FS correction.

ear fit form in the chiral extrapolation of each quantity.
With such corrections taken into account we confirm that
their chiral limit is consistent with experimental data.
R

F⇡ is calculated to NNLO by using �PT [27]. As-
suming that R

F (m2
⇡,0,0)

= R
gV RgV ⇡�RF⇡ we may correct

F (m2
⇡

, 0, 0) by a factor of R
F (m2

⇡,0,0)
. As shown in the

lowest panel of Fig. 3 with FS correction F (m2
⇡

, 0, 0) at
L/a = 16 agrees with those at L/a = 24. Using the cor-
rected data to perform a linear extrapolation, we obtain
F (0, 0, 0) = 1.045(35) and F (m2

⇡,phy, 0, 0) = 1.041(32).
The di↵erence between the results from the two methods
is considered as a systematic error.

So far, our results are obtained neglecting the e↵ect

of disconnected diagrams that may appear because the
electromagnetic current j

µ

contains flavor-singlet con-
tribution. Calculation of the disconnected diagram is
computationally demanding and statistically noisy. We
solve these problems by the use of the all-to-all prop-
agator. The full data, including both the connected
and disconnected contributions, are plotted in the up-
per (lower) panel of Fig. 4 for the case without (with)
the FS correction. We find that, although not signifi-
cant, there is a shift from the connected data to the full
ones. Since the accuracy of our calculation reaches a few-
percent level, the disconnected e↵ect is relevant. Using
the full data we repeat the analysis. The linear fit of
F (m2

⇡

, 0, 0) with m
⇡

L � 4 yields F (0, 0, 0) = 1.009(22)
and F (m2

⇡,phy, 0, 0) = 1.005(20). The fit with FS cor-

rected F (m2
⇡

, 0, 0) produces F (0, 0, 0) = 1.007(36) and
F (m2

⇡,phy, 0, 0) = 1.006(33). Including the disconnected
contributions, the normalized form factor in the chiral
limit and at the physical pion mass shifts by 1-4%. This
is comparable to the statistical error.

Using the full data we quote our results for F (m2
⇡

, 0, 0)
and �

⇡

0
��

in the isospin symmetric limit as

F (0, 0, 0) = 1.009(22)(29) ,

F (m2
⇡,phy, 0, 0) = 1.005(20)(30) ,

�
⇡

0
��

= 7.83(31)(49) eV . (8)

where the systematic errors originate from the di↵erence
of the results by using two methods of treating the FS ef-
fect. (The di↵erence appearing in the full data is small.
To be conservative, we use the connected data to esti-
mate such systematic error.) Our results reproduce the
predication of the ABJ anomaly F (0, 0, 0) = 1 and agree
with the PrimEx measurement �

⇡

0
��

= 7.82(22) eV [4].
For future improvements, isospin breaking e↵ects due to
the light quark mass di↵erence need to be included.
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ear fit form in the chiral extrapolation of each quantity.
With such corrections taken into account we confirm that
their chiral limit is consistent with experimental data.
R

F⇡ is calculated to NNLO by using �PT [27]. As-
suming that R

F (m2
⇡,0,0)

= R
gV RgV ⇡�RF⇡ we may correct

F (m2
⇡

, 0, 0) by a factor of R
F (m2
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. As shown in the

lowest panel of Fig. 3 with FS correction F (m2
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, 0, 0) at
L/a = 16 agrees with those at L/a = 24. Using the cor-
rected data to perform a linear extrapolation, we obtain
F (0, 0, 0) = 1.045(35) and F (m2

⇡,phy, 0, 0) = 1.041(32).
The di↵erence between the results from the two methods
is considered as a systematic error.

So far, our results are obtained neglecting the e↵ect

of disconnected diagrams that may appear because the
electromagnetic current j

µ

contains flavor-singlet con-
tribution. Calculation of the disconnected diagram is
computationally demanding and statistically noisy. We
solve these problems by the use of the all-to-all prop-
agator. The full data, including both the connected
and disconnected contributions, are plotted in the up-
per (lower) panel of Fig. 4 for the case without (with)
the FS correction. We find that, although not signifi-
cant, there is a shift from the connected data to the full
ones. Since the accuracy of our calculation reaches a few-
percent level, the disconnected e↵ect is relevant. Using
the full data we repeat the analysis. The linear fit of
F (m2

⇡

, 0, 0) with m
⇡

L � 4 yields F (0, 0, 0) = 1.009(22)
and F (m2

⇡,phy, 0, 0) = 1.005(20). The fit with FS cor-

rected F (m2
⇡

, 0, 0) produces F (0, 0, 0) = 1.007(36) and
F (m2

⇡,phy, 0, 0) = 1.006(33). Including the disconnected
contributions, the normalized form factor in the chiral
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of the results by using two methods of treating the FS ef-
fect. (The di↵erence appearing in the full data is small.
To be conservative, we use the connected data to esti-
mate such systematic error.) Our results reproduce the
predication of the ABJ anomaly F (0, 0, 0) = 1 and agree
with the PrimEx measurement �
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= 7.82(22) eV [4].
For future improvements, isospin breaking e↵ects due to
the light quark mass di↵erence need to be included.
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Figure 2: Topological susceptibility χta4 and y ≡ c4/(2χ2t Ω) versus sea quark mass mqa for (2+1)-flavor
lattice QCD with fixed topological charge Qt = 0.
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Figure 3: The topological susceptibility χt versus mq for lattice QCD with fixed topology Qt = 0.

which is in good agreement that extracted from χt = ⟨Q2t ⟩/Ω with Qt determined by the spectral
flow method for the 2+1 flavors QCD configurations generated by the RBC and UKQCD Collab-
orations with domain-wall fermions [15]. Also, it is in good agreement with our previous results
extracted from χt in 2-flavor QCD [9, 10], and in the ε-regime from the low-lying eigenvalues
[16]. The errors represent a combined statistical error (a−1 and ZMSm ) and the systematic error
respectively.

At this point, it is instructive to plot χt versus mq, for 2-flavor QCD (data from [9, 10]), and
(2+1)-flavor QCD (this work), as shown in Fig. 3. Now we can see clearly how the topological
susceptibility changes with respect to the number of flavors.

4. Concluding remark

In this paper, we have obtained the topological susceptibility χt and c4 in (2+1)-flavor QCD
from a lattice calculation of 2-point and 4-point correlators at a fixed global topological charge

6

Nf = 2

Nf = 2 + 1

JLQCD/TWQCD, Aoki et al.,  PLB655(2008) 294.

JLQCD/TWQCD, Chiu et al.,  Lattice2008.

Topological susceptibility in (2+1)-flavor lattice QCD T.W. Chiu

the gluon part, the Iwasaki action is used at β = 2.30, together with unphysical Wilson fermions
and associated twisted-mass ghosts [13]. The unphysical degrees of freedom generate a factor
det[H2w(−m0)/(H2w(−m0) + µ2)] in the partition function (we take m0 = 1.6 and µ = 0.2) that
suppresses the near-zero eigenvalue of Hw(−m0) and thus makes the numerical operation with the
overlap operator substantially faster. Furthermore, since the exact zero eigenvalue is forbidden, the
global topological change is preserved during the molecular dynamics evolution of the gauge field.

For ms = 0.100, we take five sea quark mass mu(d) values: 0.015, 0.025, 0.035, 0.050, and
0.100 that cover the mass range ms/6–ms. After discarding 500 trajectories for thermalization,
we accumulate 2500 trajectories in total for each sea quark mass. In the calculation of χt , we
take one configuration every 5 trajectories, thus we have 500 configurations for each mq. For
each configuration, 80 pairs of lowest-lying eigenmodes of the overlap-Dirac operator D(0) are
calculated using the implicitly restarted Lanczos algorithm and stored for the later use.

3. Results

In practice, we use 80 pairs of low-lying eigenmodes of the overlap operator to evaluate the
2-point and 4-point time-correlation functions of η ′

T

Cη ′
T
(t) =

1
L3T

T

∑
u=1
∑
x⃗i

!

η ′
T (⃗x2,u+ t)η ′

T (⃗x1,u)
"

, lim
t≫1

1
L3
Cη ′

T
(t) = −k2,

C4η ′
T
(t) =

1
L3T

T

∑
u=1
∑
x⃗i

!

η ′
T (⃗x4,u+3t)η ′

T (⃗x3,u+2t)η ′
T (⃗x2,u+ t)η ′

T (⃗x1,u)
"

, lim
t≫1

1
L9
C4η ′

T
(t) = k4.

Thus it is crucial to check whether these 80 eigenmodes suffice to saturate Cη ′
T
(t) and C4η ′

T
(t) re-

spectively. In Fig. 1, we plotCη ′
T
(t) andC4η ′

T
(t) for mu = 0.015, versus the number of eigenmodes

(nev) 20, 40, 60, and 80 respectively. Obviously, Cη ′
T
(t) is well saturated with 80 eigenmodes for

the time range 15 ≤ t ≤ 24 where it attains a plateau. Similarly, C4η ′
T
(t) is also well saturated for

the time range 9≤ t ≤ 14 where it attains a plateau. The low-mode saturation also holds for all five
sea quark masses.

In Fig. 2, we plot the values of χta4 (1.8) and y (1.9) versus the sea quark mass mqa, together
with the values of χt obtained from the 2-point function (1.10) and the 4-point function (1.11)
respectively. Evidently, the values of χt from (1.8), (1.10), and (1.11) are in good agreement with
one another. For the smallest four quark masses, 0.015, 0.025, 0.035, and 0.050, the data points of
a4χt are well fitted by the ChPT formula [3]

χt =
Σ

m−1
u +m−1

d +m−1
s

, (3.1)

with a3Σ = 0.0021(1). In order to convert Σ to that in the MS scheme, we calculate the renor-
malization factor ZMSm (2 GeV) using the non-perturbative renormalization technique through the
RI/MOM scheme. Our result is ZMSm ({mathrm2 GeV ) = 0.833(8) [14]. With a−1 = 1833(12)
MeV determined with r0 = 0.49 fm [12], the value of Σ is transcribed to

ΣMS(2 GeV) = [249(4)(2)MeV]3,

5

�MS(2 GeV) = [252(5)(10)MeV]3



5.最後に 



格子QCDの計算結果は、カイラル対称性の自発的破れという南部のアイデアを検証

U(1)B� U(1)A� SU(Nf )L� SU(Nf )R U(1)B� SU(Nf )V

高温では、この破れた対称性は回復すると予想される

相転移の次数？　軸性U(1)対称性は？

深谷氏の企画講演(3/21午後、21pAX-1)

秩序変数の直接計算は可能か？

lim
m�0

lim
V��

�q̄q� �= 0 ?

overlap quarkを用いて、非摂動的繰り込みを使えば、直接計算で正確な数値を出すの
は可能（？）

残された宿題（？）


