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FIG. 1 Sketch of potential energy curves as functions of de-
formation parameter β. The curve a corresponds to spherical
nuclei, b and c correspond to transitional nuclei, and d to well
deformed nuclei. From Alder et al. (1956).

a small number of particles, such as nuclei, the SSB is hid-
den. The experimental measurements probe the states
which preserves the symmetries of the original Hamilto-
nian. In nuclear physics, the state with a broken sym-
metry is often called “intrinsic” state. Nevertheless, we
clearly observe a number of nuclear phenomena associ-
ated with effects of the SSB, both in the ground-state
properties and in excitation spectra. In nuclear physics,
this was realized in 1950’s, soon after the experimental
identification of the characteristic patterns of rotational
spectra. Figure 1 is taken from a seminal review paper
on the Coulomb excitation (Alder et al., 1956). The nu-
clear potential energy function clearly indicates the nu-
clear deformation as the phase transition involving the
SSB. The SSB in small finite-size systems has been an
important concept in nuclear physics and chemistry for
many years, and has become so in fields of quantum dots
and ultracold atoms (Yannouleas and Landman, 2007).

The symmetry restoration is a quantum fluctuation
effect. When the spontaneous breaking of the continu-
ous symmetry occurs, there exists the Anderson-Nambu-
Goldstone (ANG) modes, to restore the broken symmetry
(Anderson, 1958, 1963; Goldstone, 1961; Nambu, 1960).
This symmetry restoration process is extremely slow for
macroscopic objects, thus, the SSB is realized in a rigor-
ous sense. In other words, the quantum fluctuation as-
sociated with the ANG mode is negligibly small in those
cases. If the deformed nucleus with extremely heavy mass
(A → ∞) existed, the moment of inertia J should be
macroscopically large. Then, the excitation spectra of
this heavy rotor would be nearly degenerate with the
ground state, EI = I(I + 1)/2J for the state with the
total angular momentum I, leading to a stable deformed
wave packet. In reality, the restoration of the rotational
symmetry even in heaviest nuclei takes place much faster
than the shortest time resolution we can achieve with the
present experimental technologies. In this sense, the SSB

in nuclei is hidden. 1. Nevertheless, the nucleonic motion
is strongly influenced by the SSB, since the time scale of
the symmetry restoration, τssb, is much longer than the
periodic time of single-particle motion in the nucleus of
radius R, τF = R/vF ∼ 10−22 s. This is schematically
illustrated in Fig. 2. We believe that it is important to
distinguish these two types of correlations in nuclei, those
of relatively short time scales τ ∼ τF (“fast” motion), and
of long time scales τ ∼ τssb (“slow” motion).

The nuclear superfluidity can be understood exactly in
an analogous way, as the SSB leading to the deformation
in the gauge space (Brink and Broglia, 2005). The con-
densate of the nucleonic Cooper pairs is expressed as an
intrinsic deformation in the magnitude of the pair field.
The pair field creates and annihilates the pairs of nucle-
ons giving rise to the quasiparticles that are superposi-
tions of particles and holes, expressed by the Bogoliubov
transformation. The ANG mode, called pair rotation,
corresponds to the addition and removal of the nucleon
pairs from the pair condensate. In this case, the “angu-
lar momentum” in the gauge space corresponds to the
particle number.

Since the broken symmetry is restored by the quantum
fluctuation, its time scale τssb can be estimated by the
uncertainty principle. The time is proportional to the
moment of inertia J as τssb ∼ J /!, which amounts to
10−19 (10−20) s for typical deformed nuclei in the actinide
(rare-earth) region. Thus, the symmetry restoration is a
slow motion, compared to the nucleonic Fermi motion.
Here, it is important to distinguish this time scale of
the “quantum” fluctuation from that of the “classical”
rotation, ω−1

rot ≈ J /I. The latter could be comparable to
τF at very high spin (large I), however, the concept of
the deformation (symmetry breaking) still holds. Using
an observed value of the moment of inertia for the pair
rotation in Sn isotopes (Brink and Broglia, 2005), τssb for
the symmetry breaking in the gauge space can be given
by τssb ∼ 10−20 s.

These concepts of SSB are invoked in the nuclear
DFT and TDDFT. The symmetry restoration can be
treated either by the projection method or by the (time-
dependent) large-amplitude collective motion of the ANG
modes (Ring and Schuck, 1980). In the present review,
we mainly discuss the latter treatment with the time-
dependent description.

II. BASIC FORMALISM: DFT AND TDDFT

The density functional theory (DFT) describes a
many-particle system exactly in terms of its local one-

1 There have been some attempts to produce non-zero value of
(2J )−1 as an analogue of the Higgs mechanism with the SSB
(Fujikawa and Ui, 1986).
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FIG. II-1. Qualitative il-
lustration of the connection
between the level density at
the Fermi energy and the
binding energy of the nucleus.

BOUND NUCLEUS

level density is smaller, because then the nucleons
occupy deeper and more bound states. Conversely, the
nucleus is less bound if the level density is increased
near the Fermi energy.
This effect of the variation of the single-particle level

density in the vicinity of the Fermi energy on the
nuclear binding energy is, in fact, a particular example
of the general rule that, in quantal systems, degeneracy
leads to reduced stability. This is so because even an
infinitely small perturbation of a degenerate system
produces a finite response in the system due to re-
arrangement ofmany close states. In nuclei, the bunching
of levels expresses, of course, only an approximate
degeneracy and, therefore, it requires a finite though
small perturbation to reveal this feature of the de-
generacy. In all other respects, the situation is analogous
to the one met in some problems of molecular and solid
state physics; see, e.g., the Jahn —Teller rule in the
theory of molecules (Landau and Lifshitz, 1959).
The nuclear ground state, as well as any other

relatively stable state, should thus correspond to the
lowest possible degeneracy or, in other words, the
lowest density of states near the Fermi energy. From
this, a new definition of a "magic" nucleus (or, more
generally, of a shell closure) follows: it is the one, which
is the least degenerate, i.e., which has the lowest density
of intrinsic states at the Fermi level, among its neigh-
bors. It should be noted that neither this definition nor
the concept of shells introduced above involves any
assumption concerning the nuclear shape. As the shell
distribution is also a function of the nuclear shape, and
pronounced shells appear in deformed nuclei, one also
has to generalize somewhat the concept of "magicity".
Instead of being connected only to definite nucleon
numbers, "magicity" should be characterized by both
the nucleon number aed some characteristic deforma-
tion of the nuclear shape at which the shell closures
occur. A magic nucleus need not be spherical and, in
addition to the familiar magic numbers of nucleons
for spherical nuclei, one can also speak of magic
deformed nuclei connected to other nucleon numbers.
In the same way as, e.g., the presence of the familiar
shell closures for Z=82, N=126 in a spherical shape
nucleus is responsible for the increased stability of
spherical shapes in nuclei around lead-208, the deformed

WXMX oC~i

MWOCKXp, '

DEFORMATION ~

FIG II 2 Qualitative
picture of the distribu-
tion of single-particle
states in the deformed
nucleus. The low-
density regions (shell
closures) are indicated
by circles.

shape shell closures appearing for some other nucleon
numbers (e.g., X=100, 152) are responsible for the
increased stability of distorted shapes (corresponding
to quadrupole distortions with Pm equal to 0.2 or 0.3)
for the rare-earth and actinide nuclei. Confirmation
hereof can be found in some empirica, l data. Here one
should mention an observation by W. D. Myers and
W. Swiatecki who in their analysis of nuclear masses
found systematic deviations in the middle of the rare-
earth region and, independently of the theoretical
results, found it compelling to introduce some kind of
magicity also for deformed nuclei. This observation led
them to improve their phenomenological shell correc-
tions in a direction consistent with the calculations
(Myers and Swiatecki, 1966a).
In order to illustrate our point of view, we present in

Fig. II-2 a schematic fingerprint of single-particle level
distributions in a deformed nucleus, where the magic
shell closures as the regions of a locally low level density
are indicated by circles. In real nuclei, these regions
expose an anomalous stability depending on specific
shapes and nucleon numbers.
As we shall explain later, the shell distribution is

expected to change appreciably with even a relatively
small variation of the nuclear shape of the order of

20 j~ and, consequently, a nucleus can have
more than one shape where the condition of the lowest
degeneracy is locally fulfilled. Thus, one can also speak of
magic nuclei in connection with a second shell closure in
a strongly deformed nucleus. An important example is
found at N =146, where the nucleus becomes magic for
a strongly distorted shape. A pronounced potential well
develops in the nuclei around this nucleon number at a
deformation characterized by the ratio of the two
nuclear axes equa, l to 1.8—2.0.
In fission, the nucleus may be caught into this other

well and stay there for a relatively long time. In this
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Figure 1. Levels expected in the harmonic quadrupole vibrator up to the three-phonon state,
labelled by their spins and parities and with energies in ‘oscillator’ units, h̄ω.
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Figure 2. Partial level scheme displaying the levels in 112Cd that have traditionally been assigned
as phonon states, arranged for easy comparison with figure 1. Energies are given in keV.

candidates for such a degree of freedom, based on the observation of excited states with the
requisite spins and parities, made nuclei in this region text-book cases [4, 5] for this remarkably
simple mode of nuclear collective excitation. The example of 112Cd, organized so that the
excited states match those in figure 1, is shown in figure 2.

A much less well-recognized set of properties of the harmonic quadrupole vibrator is its
electromagnetic properties, i.e. its electric quadrupole or E2 moments and E2 transition rates.
Primarily, this is because these properties are extremely difficult to measure. In consequence,
the almost complete lack of information on E2 properties for the Cd isotopes led to the strong
belief, based on excitation energy information alone, that the Cd isotopes are the text-book
example of harmonic quadrupole vibrations in nuclei.

Advances in techniques for precisely measuring E2 moments and E2 transition rates
have dramatically changed in the last 20 years. This has come about through the possibility
of carrying out multi-step Coulomb excitation and picosecond to femtosecond lifetime
measurements of excited states and through the capability of accurately measuring branching
ratios of low-energy high-lying transitions. The latter capability is crucial because the intensity
of the interesting ‘collective’ transitions are attenuated by E5

γ and this results in the most
important transitions being extremely difficult to observe.

The expected pattern of E2 properties for a harmonic quadrupole vibrator is shown
in figure 3. All diagonal E2 matrix elements are zero because of the simple selection
rule that the E2 operator is a linear combination of the raising and lowering operators for
vibrations and so directly connects any given state with phonon number N only to states with
phonon number N + 1 or N − 1, i.e. the E2 operator has diagonal matrix elements equal
to zero. The transition matrix elements reflect their dependence on the phonon number, e.g.
B(E2;N = 2 → N = 1) = 2B(E2;N = 1 → N = 0). Transitions involving states
with N > 2 also have factors which depend on coefficients of fractional parentage, but for
a given state the sum of the decay branches equals the simple phonon number scaling, e.g.!

B(E2; 3+, N = 3 → 2+, 4+, N = 2) = 3B(E2;N = 1 → N = 0).
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Figure 3. B(E2) values, relative to the B(E2; 2+
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1) value, expected for a quadrupole
harmonic vibrator.
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Figure 4. Systematics of B(E2) values for the even–even Cd isotopes 110−116Cd. Transitions are
labelled with their B(E2) values in W.u. with 1σ uncertainties on the last digit in the parentheses;
the listing of two numbers reflects asymmetric uncertainties with +1σ and −1σ , respectively.
Values without uncertainties are relative B(E2) values, or upper limits. Dashed arrows indicate
unobserved transitions where upper limits have been established. Of particular note are the greatly
disparate values in 114Cd between results of Coulomb excitation and lifetime measurements for
some levels, the most serious of which occurs for the 1842 keV 2+ level; the values obtained from
Coulomb excitation are listed above the transitions and are up to a factor of ≈35 greater than those
derived from the most stringent lifetime limits.

Figure 4 shows the low-lying excited states in 112Cd grouped on the basis of B(E2)

values [6, 7]. Evidently, the pattern does not match that shown in figure 3. In particular, at
the two-phonon level, the B(E2) value for decay from the 2+ state is a factor of 4 weaker
than expected, and that of the 0+ state is extraordinarily small. At the three-phonon level, the
0+ state has no observed decay to the two-phonon 2+ state [7, 8], and the 2+ member has an
enhanced decay to the 0+ member of the two-phonon triplet only. This disagreement is in
marked contrast to the similarities between figure 1 and figure 2. Indeed, this result came as
a complete surprise [6, 9]. Further, the disagreement is not peculiar to 112Cd: this observed
pattern of B(E2) values persists from 110Cd to 116Cd [6–17], as shown in figure 5.

Historically, a natural response to any observed deviation from the harmonic quadrupole
vibrator has been to invoke ‘anharmonicities’: there is a very large literature covering this, but
it is more useful here to look further at data. For 114Cd there are multi-step Coulomb excitation
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Figure 4 shows the low-lying excited states in 112Cd grouped on the basis of B(E2)

values [6, 7]. Evidently, the pattern does not match that shown in figure 3. In particular, at
the two-phonon level, the B(E2) value for decay from the 2+ state is a factor of 4 weaker
than expected, and that of the 0+ state is extraordinarily small. At the three-phonon level, the
0+ state has no observed decay to the two-phonon 2+ state [7, 8], and the 2+ member has an
enhanced decay to the 0+ member of the two-phonon triplet only. This disagreement is in
marked contrast to the similarities between figure 1 and figure 2. Indeed, this result came as
a complete surprise [6, 9]. Further, the disagreement is not peculiar to 112Cd: this observed
pattern of B(E2) values persists from 110Cd to 116Cd [6–17], as shown in figure 5.

Historically, a natural response to any observed deviation from the harmonic quadrupole
vibrator has been to invoke ‘anharmonicities’: there is a very large literature covering this, but
it is more useful here to look further at data. For 114Cd there are multi-step Coulomb excitation
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Figure 1. Ratios of B(E2) values for the decay of the 2+
0+

2
level to the ground state band. The

B(E2; 2+
0+

2
→ 4+

gsb) values, predicted to be the largest from the Alaga rules, have been taken as

the reference. The broken horizontal lines are the Alaga rule values. Only those data for which
all three transitions have been observed are plotted. The B(E2; 2+

0+
2

→ 2+
gsb) values plotted have

been computed assuming a pure E2 transition (the mixing ratios δ are not known in most cases).
Therefore, they can be considered as upper limits (BNL data).

rates; with an opposite sign for M2 compared with M1, the B(E2) value for spin increasing
transitions will be larger than the B(E2) value for spin-decreasing transitions [30]. Therefore,
the data presented in figure 1 may be used to argue that, in most cases, the sign of the mixing
matrix element for β-to-ground band transitions is the same as that for γ -to-ground band
transitions [31]. B(E2) ratios that are above the Alaga expectations suggest a remeasurement
of the branching ratio may be in order, or for the case of the 2+

0+
2
→ 2+

gsb transition, the presence
of significant M1 intensity. Such large M1 components would be surprising, however, if the
decay were from a β-vibrational state where one expects collective E2 transitions.
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